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PLANE WAVES AND FUNDAMENTAL SOLUTIONS
IN LINEAR THERMOELECTROELASTICITY

A. O. Vatul’yan, A. Yu. Kiryutenko, and A. V. Nasedkin UDC 539.3:541

The behavior of dielectric media with allowance for pyroelectric and piezoelectric effects within the
framework of a linear quasi-electrostatic approximation is described by the theory of thermoelectroelasticity
(thermopiezoelectricity) {1]. The subsequent development of this theory is reflected in [2, 3]. A small number
of papers are devoted to the properties of associate thermoelectroelastic waves. Dispersion relations for a
series of semi-confined thermoelectroelastic media were analyzed in {4, 5].

In this paper, the structure of plane waves in an unconfined thermoelectroelastic medium of 6 mm class
is investigated. Dimensionless parameters that reflect the associations of mechanical, electrical, and thermal
fields are determined. The effect of associating on the velocities and damping factors of modified electroelastic
and thermal waves is studied. Dependences of dispersion properties of plane waves on frequency of vibrations
and direction of their propagation are analyzed. Numerical calculations are performed for the concrete
thermoelectroelastic medium of barium titanate (BaTiO3). Fundamental solutions of the two-dimensional
problem of linear thermoelectroelasticity for a medium of 6 mm class are studied. Representations in the
form of simple integrals over a finite interval are constructed which are convenient for implementation of the
boundary element method.

1. Analysis of Plane Waves in an Unconfined Thermoelectroelastic Medium. Let us consider

the equations of motion of a thermoelectroelastic medium for piezoceramics polarized along the Oz3 axis
(6 mm class) [3]:

Li;U; =0. (1.1)

Here U = {u),u2,u3,¢,0} is the vector of unknowns (u; are the components of the displacement vector, ¢ is
the potential, and 6 is the temperature increase above a natural state), and L,; are the partial differential
operators defined by the formulas

Lyt = 110} + 0.5(c11 — c12)03 + c4s02 ~ pO2, Liz = Ly = 0.5(c11 + ¢12)8182,
Lz = L3y = (c13 + ¢44)0103, L1s = Ly = (e31 + e15) 03, Lis = =104,
Lsi = Toy18101, Loz = 0.5(c11 — ¢12)0F + ¢1105 + c440? — pd?,

Loz = L3z = (c13 + c44)0203, Log = Lag = (€31 + €15)5203,

Lys = =182, Ls2 = Toyn20:, Lsg = caa(87 + 03) + c3305 — pd?,

L3s = Laz = e15(0] + 02) + €3302, Las = —330s, Ls3 = Tov33030,
Lag = —(311(0? + 83) +3330%), Las = g30s, Lss = —Tog3030y,

Lss = (pcedy — k1187 — k1103 — k3307),

where c;j are the elastic moduli, e;; are the piezoelectric moduli, 3;; are the dielectric permittivities, vi; are
the thermal-stress coefficients, gi are the pyroelectric coefficients, k;; are the thermal conductivity coefficients,
ce is the heat capacity, p is the density, and T} is the natural state temperature in the Kelvin scale.

(1.2)
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We make system (1.1) nondimensional by introducing the following dimensionless parameters and
variables:

éGij = aijfe3s, uj = u;/h, 3,‘ =ho;, ;= z;/h, { = t/to, 5( = {0,
@ = \[3s3/cazp/h, & = eij/\/333¢33, P = p/po, 6 = 6/6, 3ij = /233,

¥i; = vij\J To/(csapee), g3 = ga\/To/(333pce ).

Next, assuming that h2p/(t3cs3) = 1 and kszto/(pceh?) = | and setting pp = p, & = ksz/(pce),
vg = c33/p, and 0y = /Toc33/(pce), we obtain iy = aa/vg and h = &/v,.

The chosen method of nondimensionalization reduces the system of differential equations (1.1) to a
form that is convenient for the subsequent analysis and finding the parameters of fields associating. Thus, the
coefficients of 32U, /3%* and 86/ are equal to unity, and the coefficients of 92U;/832, on the order of unity.
The quantities &;, determine electromechanical relations and are on the order k%/(1 — k%), where k? is one of
the static coefficients of an electromechanical relation (CEMR) [6]. Since k% < 0.5 for real piezoelectric media,
we have 0 < €2, < 1. The quantities ¥;; define associating of elastic and thermal fields. Moreover, "/]zj are
completely analogous to associating constants in thermoelasticity problems {7] and are small for most media.
Finally, g3 reflects the associating of electric and thermal fields. From the positive definiteness of internal
energy it follows that for a piezoelectric medium of 6 mm class the inequality 333pce/To > g3 holds and,
hence, 3 < 1. We note also that the time and spatial characteristic parameters to and h and the quantity
@ are usual with nondimensionalizing of the thermoelasticity equations (7], and vg has the meaning of the
characteristic velocity of acoustical waves in a piezoelectric medium. Below we shall omit the tilde sign above
dimensionless quantities.

We investigate plane waves in an unconfined thermoelectroelastic medium, i.e., we seek a solution of
nondimensionalized equations (1.1} in the form

U; = Xj exp [i(wt — nnx)], (1.3)

where w 1s the dimensionless real frequency of vibrations related to the dimensional frequency {2 by the formula
w= /0 [Q, = c33/(px)], n is a unit vector that determines the direction of wave propagation, and 7 is a
generalized (in general, complex) dimensionless wave number.

Substituting (1.3) into (1.2) and equating the determinant of the resulting algebraic system to zero, we
obtain a dispersion relation between w, 77, and n. The set of roots of these equations is divided into two subsets.
One of them characterizes a non-associated, purely elastic SH-wave that is polarized in the plane Oz1z9 and
not subjected to dispersion and damping; its velocity is vy = w/n = \/0.5(c11 — c12){n? + nd) + cyyn?, where
ny, ng, and n3 are the components of the vector n. The second subset coincides with the set of zeros of the
determinant D{(w,n) = 7% Dop(w, n) for fixed n.

Let us investigate the root set structure of the equation

Do(w,n) =0. (1.4)
If we put z = p/w, Eq. (1.4) is written as
azt -1 coz? enz Moz
cz’ ezt -1
0 s @z mbz o (1.5)
€02 e3z -3 —gf

Maz y3Bz —gB iKwz® -1

Here a = \/n? +n} = cos¢, B = n3 = siny, &1 = cna® 4 caB?, co = (c13 + cas)aB, eo = (e31 + e15)ap,
3 = caaa’ + c338%, e3 = e150® + e33f%, 3 = ana® +3338% K = kn/ksza® + 8%, v = 7, and g = gs.
Introducing § and ¥; by the formulas ¢ = €3 and v; = €7;, from (1.5) after certain transformations we obtain

in22(0124 —axz’ + a3) — (A1z* — Az + A3) =0, (1.6)
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where A; = a,'—}-eij (=1,2,and 3); 1 = by —dy— f1; g2 = by —dy — f2; g3 = —d3; a1 = —3cyc3 + 2coepe3 —
e%c;; + c(z)a - e§c1; a2 = —(3(ar + ¢e3) + eg + e%); a3 = —3; by = —2§B[738(coeo — ezc1) + Na(coes — epc3)l;
by = 2§Bleonix + e31aBl; di = —§*B%cics — &) d2 = —§*B%(c1 + 3); ds = —3°B%; fi = FiaP(s¢c3 + €}) +
BB} + c19) — 29171aB(eoes + d¢0); and f2 = 3(Fia? + 53 62).

Equation (1.6) has six real roots z of which only three roots z; {j = 1, 2, and 3) withk Imz; > 0
(Imn; > 0 and 7; = z;w) will be analyzed.

For € = 0 we have a non-associated problem of thermoelectroelasticity, and we find the roots z; in
explicit form:

2 =1/(iKw), 25 = (az+1)/(2a1), 22 = (ag —r)/(2a1), 1 =\/a}—4dajas. (1.7)

The first root characterizes a purely thermal wave with velocity v; = Re(1/z1) and damping v; =
—Im (wz;). The second and third roots characterize electroelastic waves that are not subjected to dispersion
and a damping. The velocities of these waves v; = Re(1/z;) (i = 2 and 3) are identical to those given in (g].

Setting Y = 22, we rewrite Eq. (1.6) as
(GKwY —1)(a1Y? — a2Y + a3) — eX(q1Y? — Y + q3) = 0. (1.8)

Taking into account that the parameter ¢ is small for real piezoelectric media, we seek the roots Y; of
Eq. (1.8) in the form of an expansion in powers of the parameter &:

Yj=y,'o+e2yj1+...

The first terms of this expansion are given by the formulas
yjo =25,y = (qve — q2y0 + a3)/liKw(ary — azyo + a3)],

yj1 = (@195 — 9290 + ¢3)/[({Kwyo — 1)(2a190 — a2)], 7 =2,3
[zj are given in (1.7)].
For the associated problem for £ # 0 we have a modified quasi-thermal wave (7 = 1) and two modified
quasi-electroelastic waves (j = 2 and 3) subjected to damping and dispersion. It should be noted that the
acoustical frequencies w for which the theory of thermoelectroelasticity is substantiated are within the limits

w <1 (2 < Q). In this connection it is also important to consider the asymptotic behavior of the roots
X;j = 1/2% for small w which are determined from (1.8) in the form

X; = zjo+wzj +w2$_,'2+..., 7 =1,2, and 3,

where z19 = 0; 211 = iKay/As; 212 = z11(A2z1 — iKa2)/Ay; 220 = (A2 + 11)/(243); 11 = \JAZ — 443A;;
z30 = (A2 +11)/(243); 71 = iK(a1 — a2zro + a3zly)/[Tho(243280 — A2)] (K = 2 and 3); and x4 =
zkl[iK(Za:;xkg - ag) - Ik1(3A3.’Dko bt A2)]/[$k0(2A31‘k0 - Az)]

Using methods of perturbation theory, we can construct the dependences of the velocities and dampings
of thermoelectroelastic waves on the associating coefficient & for the directions » =0 and ¢ = 7/2:

(1) Forvy =0

_2 =2
_ 271 (Cll - kmw) 2')’1(011 + kmw)
vy = \/0-5kmw<1 - m>, v = \/0-5kmw<1 ~€ '————'—),

2(ct) + khw?)

-2 =2 [T
1)2=\/C11(1+€22—uli—~—5)1 yz—gzm

() + k2w? T2k + kRw?)

“—’%5
vy = C44<1+ >, vy =0
C44311
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Here km = k11/k33; g = €3, and v; = €%, (j = 1 and 3).

These formulas enable us to analyze the dependences of the velocities and dampings on associating of
the problem and the frequency of vibrations. We note that the structure of the dispersion equations (1.6) and
(1.8) and the properties of plane waves are similar in many respects to those in the case of a thermoelastic
transversely isotropic medium considered in (9, 10].

Figures 1-5 show the propagation and damping velocities of mod:ﬁed thermal and electroelastic waves
for barium titanate versus the propagation direction characterized by the polar arngle 3 for various w = wg,
temperature of the undisturbed state Tp = 300 K, and ¢ = 0.01. Physical constants are the same as in [11].

A simple analysis leads to the following conclusions: the velocities of quasi-electroelastic waves are
practically independent of the frequency of vibrations [one of these waves will be named the quasi-longitudinal
wave (v and v;) and the second the quasi-transverse wave (v3 and v3)]. The dampings of these waves depend
significantly on the frequency of vibrations. Moreover, the damping of the quasi-longitudinal wave depends
weakly on the direction of its propagation, and the damping of the quasi-transverse wave depends significantly
on the angle 1. Note also that the quasi-transverse wave becomes purely transverse and undamped for the
directions ¥ = 0 and ¢ = 7 /2. The velocity and damping of the quasi-thermal wave depend significantly on
the frequency of vibrations (as in the thermoelasticity problems in {7]).

2. Construction of Fundamental Solutions for a Two-Dimensional Thermoelectroelasticity
Problem. The question on the construction of fundamental solutions in linear thermoelectroelasticity can be
solved on the basis of analysis of the zeros of Dg(w, 7). This question is important for applications, in particular,
for the formulation of the boundary integral equations and the implementation of boundary element method.
We confine our attention to the case of plane deformation of a 6 mm class medium. We assume that u; =0
and all other quantities depend only on z; and z3. The vibration regime is considered steady according to
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the law exp [—iwt]. In this case L;j is written as

L1y = c110} + 4483 + p?, L1z = Ly = (c13 + ca)0183, L1z = La1 = (ea1 + e15)0184,

Lis = —y1101, Loz = c4aB? + c3302 + pw?, Loz = Ly = e1507 + 3302, L2a = ~73305,

Ly = —iwTo73303, Las = —(o110% +23307), Las = g303, La = —iwTorn,
Ly = iwTog3ds, Laa = —iwpce — k1107 — k3307,
and the vector of unknowns U as U = {uj,us, p,0}.
The functions \Ilg-m)(x, §) that satisfy the system of equations L.‘j\IJS-m) + 8im6(x,€) = 0 and vanish

at infinity are considered fundamental solutions. Using Fourier transform, we can easily construct integral
representations for \Ilgm):

™)y £) = ! Pim(ex,w) exp [i{a, & — a
\I’J ( 96) (27r)2R2 Po(a,w) P[( ,f x)]d . (21)

Here Pjm(ca,w) and Py(a,w) are polynomials in o and w; and & = (@1, a3). We note that representation (2.1)
is not very suitable for practical applications, and, therefore, we shall simplify it by analysis of the integrands
and contour integration.

It should be noted that the polynomials Pjm(ai,a3,w) in (2.1) are of different orders (in contrast to
the “pure” electroelasticity problem in [12]), i.e., some of them are polynomials of the 6th order in a and
the remaining polynomials are of the 5th order. According to such sign, we divide these polynomials into
two types: 1) polynomials of the 6th order and 2) polynomials of the 5th order. The first type polynomials
possess the evenness property Pjm(—ai, —a3,w) = Pjm(ai, a3,w), and while the second type polynomials the
oddness property Pjm(—ai1,—a3,w) = —Pjm(a;, a3,w). The polynomials P14, P24, P34, and those obtained
by permutation of indices are related to the second type, and the remaining polynomials to the first type.
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To simplify (2.1) for the first type we represent the integrand in the form
3

Jm(auost/),asmww Z a]mk(’/)v w)
Py(acos ¢, asin ¢, w) e (k(zl’ w)

[¢o =0, ajmi(m + ¥,w) = ajm(¥,w), and (E(W +pw) = C (Y,w) = w zk] and set |x — &| = r, cosyy =
(&1 — z1)/r, and siny; = (&3 — z3)/r. Then, we have

\I!(m) (27r // Z a;ljrz’:p;/,’ )) exp (tar cos (¥ — ¥1)) a da di

2,, //Z ajmz-(:id)w [exp (iar cos (¥ — ¥1)) + exp (~tar cos (¥ — P1))] a da dyp.

Let us consider the integral

00 . .
Iy(z,¢) = / exp (iaz) + exp (~iaz) ada, Im(¢>0, Re(>0.

J a? — (2
To evaluate it we introduce the contours
¢t =0, AU Ct UR,0) and CF =[0, R Cz U[—iR,0]

(C# and Cf are parts of the circumference with radius R with its center at the coordinate origin which lie
in the first and fourth quadrants, respectively).

Using the contour integration and Jordan’s lemma {13}, we obtain
. . T exp (—72)
I(z,¢) = miexp (iCz) + 20/ e T
We write the latter integral in the form
I2(z,¢) = wiexp (:(z) — 2[cosi({z) cos ({z) + sini({z) sin ({2)],

where cosi(z) and sini(z) are the integral cosine and sine.

For z < 0, Ix(z,() is evaluated similarly. Uniting these two cases, we have the following representation
for the fundamental solutions:

m__ L [
¥ =5 / > aimk(¥,w)F2(Ce(%,w)Ir cos (¥ — 1)) a9, (2.2)
(27) ! ko

where Fq(z) = (71/2) exp (iz) — cosi(2) cos (z) — sini(z)sin (2).

Remarks. (1) Fy((o) denotes the limiting value of the function Fs(z) as z — 0 with accuracy
to constants that are insignificant from the viewpoint of construction of the fundamental solution, i.e.
Fa(Cor|cos (¢ — ¥1)]) = —In|r cos (¥ — ¥1)].

(2) Since only P33(0,%,w) # 0 of the 6th order polynomials and the relation Pjm(a,®,w) =

azP;‘m(a,z/),w) is valid for the remaining [P}, (a,®,w) are 4th order polynomials], we have all ajmo = 0
except for az3g, and the representation (2.2) can be written as

YW = oy [ st tnlr con = )l i Byt

x 3
,lr)z / > aimk(¥,w)F2((i (¥, w)lr cos (¥ — ¥1)|) dy. (2.3)
0

k=1
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We simplify representation (2.1) for polynomials of the second type. We take into account that the

representation Pjm (o, ¥, w) = —ia P}, (e, ¥, w) is valid for polynomials of the second type, where P}, (e, %, w)
are polynomials of the 4th order. In thls case, we have

Pim(acosy,asinyp,w) il 3 bimk(¥,w)
Py(acosy,asinp,w) = ot - Gy,w)’
where bjmi(7 + 9¥,w) = —bjmi(¥,w).
Proceeding similarly and introducing the function Fi(z) = (#/2)exp(iz) — (cosi(z)sin(z) —
sini(z) cos (2)), where z > 0, we finally obtain
x
(m) ymk d)aw)
W= o / ,?:, b2 B (G cos 1 ) sgn(cos 1 — ) (24)

(j=4m=1,2and 3;m=4;and j =1, 2, and 3).
Integral representations (2.3) and (2.4) make it possible to apply effectively the boundary element

method to thermoelectroelasticity problems. They have characteristic logarithmic singularities intrinsic for
two-dimensional problems.
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